Conductance spectroscopy in ferromanget/superconductor hybrids by Karminskaya, T. Yu. et al.
ar
X
iv
:1
40
1.
37
32
v1
  [
co
nd
-m
at.
su
pr
-co
n]
  1
5 J
an
 20
14
Conductance spectroscopy in ferromanget/superconductor hybrids
T. Yu. Karminskaya,1 M. Yu. Kupriyanov,1 S.L. Prischepa,2 and A. A. Golubov3
1Skobeltsyn Institute of Nuclear Physics, Lomonosov Moscow State University,
Leninskie gory, Moscow 119991, Russian Federation
2Belarusian State University of Informatics and Radio Electronics, Minsk, Belarus
3Faculty of Science and Technology and MESA+ Institute for Nanotechnology,
University of Twente, 7500 AE Enschede, The Netherlands
We present theoretical model for the proximity effect in F-SFF-F structures (F is ferromagnet,
S is superconductor) with non-collinear magnetizations vectors in the F-layers and with arbitrary
magnitudes of exchange fields. Electrical conductance of these structures is analyzed within the
Keldysh-Usadel formalism in the diffusive regime as a function of a misorientation angle between
magnetizations of the F-layers and transparencies of SF and FF interfaces. We show that long-range
triplet superconducting correlations manifest themselves either as a zero-bias peak in the case of per-
fect transparency of FF interface, or as a two-peak structure in the case of finite transparency. The
predicted features may serve as a diagnostic tool for characterization of interfaces in superconducting
hybrid structures.
PACS numbers:
Investigation of superconducting correlations in super-
conductor (S) - ferromagnetic (F) hybrid structures is
currently a subject of active interest. Quite a number
of remarkable phenomena were predicted theoretically in
these structures [1]-[31] and experimentally verified [32]-
[52]. Moreover, potential applications of SF-based de-
vices as memory elements in superconducting computers
were recently proposed [53],[54], [55].
There are several types of spin valve devices that po-
tentially can be used as memory elements [48]-[52], [56]-
[60]. Among them, only the structure proposed in [56]-
[60] can operate in magnetic fields that do not exceed a
few tens of oersted. In these devices there is only one
ferromagnetic film, so only short-range spin triplet corre-
lations are present in such structures. Contrary to that,
in other spin valve realizations [48]-[52] there are several
magnetic layers. In these structures, deviations of rela-
tive magnetizations of ferromagnetic films from collinear
to non-collinear one leads to generation of long-range
triplet superconducting correlations. This process is ac-
companied by either suppression of the critical tempera-
ture [51], [52], TC , or by changing sign of the supercurrent
in the triplet pairing channel [48]-[50]. In both cases an
implementation of these effects requires an application of
an external magnetic field of the order of 103 Oe. It is
obvious that such large magnetic fields cannot be easily
combined with the RSFQ circuits.
An alternative is to use structures with long ferromag-
netic films suggested in [23]. The decay length of long
range triplet superconducting component is insensitive
to the magnitude of exchange field, therefore these cor-
relations penetrate into ferromagnetic material at longer
distances. Such correlations can be observed in long fer-
romagnetic wires in the parts where singlet and short-
range triplet correlations are suppressed due to their fast
decay in space intrinsic to materials having large magni-
tude of the exchange energy. The long-range triplet cor-
relations can survive in long ferromagnetic films attached
to SFF structures in which long-range triplet pairing can
nucleate. Presence of these triplet correlations changes
density of states (DoS) in the film, so it must be also
accompanied by changes in the conductance of this film
due to proximity effect. It provides an opportunity for
realization of a spin valve in which the external magnetic
field controls the magnitude of conductance of ferromag-
netic film.
To evaluate the magnitude of this effect we have ana-
lyzed a simple model problem below. Namely, we investi-
gate correlations in F1-SF1F2-F1 structures (see Fig. 1)
that represent a long thin ferromagnetic wire F1 with the
length 2L+ds. It connects two massive normal electrodes.
In its middle part the F1 layer is in contact with thick
superconducting film S located on the top of the wire and
thin ferromagnetic film F2 placed on the bottom of the
wire (the lengths, ds, of S and F2 films are identical).
Magnetization vector of the long ferromagnetic wire is
constant and it is directed along F1F2 interface. Magne-
tization vector of the short ferromagnetic film F2 is de-
clined from the first vector on an angle α thus providing
conditions for realization of long-range triplet supercon-
ducting correlations in the structure. Here we present
results of calculations for DoS and differential conduc-
tance along F1 film in F1-SF1F2-F1 structure with non-
collinear magnetizations of ferromagnetic layers that also
differs with values of exchange energies. The calcula-
tions are done in the diffusive limit in the framework of
the Usadel equations for both linear and nonlinear cases.
We present differential conductance of the F1 film as a
function of angle α. We show that maximum value of
differential conductance is achieved not at α = pi/2 (as
it was found in [4] and [29] for out of plane geometry
for normal current injection), but at some intermediate
angle that depends on difference between the values of
exchange energy of F films. We also investigate influence
of suppression parameter on F1F2 interface on the shape
of differential conductance.
2Figure 1: Geometry of the considered F1-SF1F2-F1 structure.
We will discuss properties of the structure in the frame
of Usadel equations that can be written as:
D∇(G∇G) + iε[kˆ0τˆ3σˆ0, G]− i[kˆ0h,G] = 0, (1)
where parameter h = h2(τˆ3σˆ3 cosα + τˆ0σˆ2 sinα) for F2
layer and h = h1τˆ3σˆ3 for F1 film, (kˆ, τˆ, σˆ are 2× 2 Pauli
matrices), h1 and h2 are normalized on piTC exchange
energies of upper and lower F films, respectively, D is the
diffusion coefficient, ε is a quasiparticle energy. Green’s
function G is 8× 8 matrix
G =
(
GR GK
0 GA
)
.
Here GR, GA, GK are retarded, advanced and Keldysh
Green’s functions, correspondingly. The elements of
matrix GK can be connected by distribution function
f = fLτˆ0σˆ0 + fT τˆ3σˆ0 (which is 4× 4 matrix):
GK = GRf − fGA. (2)
In thermodynamic equilibrium, that in our case is
achieved in the electrodes (see Fig.1), the distribution
function is expressed by
fL,T =
1
2
[tanh
(
ε+ eV
2T
)
± tanh
(
ε− eV
2T
)
], (3)
where V is an applied voltage (Fig. 1). Consequently,
it is sufficient to determine only retarded function. This
function can be represented as
GR = τˆ3g + τˆ0gt + iτˆ2f + τˆ1ft,
f = σˆ3f3 + σˆ0f0, ft = σˆ1f1,
g = σˆ0g0 + σˆ3g3, : gt = σˆ2g2,
where f3, f0, f1 are condensate Green’s functions describ-
ing singlet, short-range and long-range triplet correla-
tions; g0, g3, g2 are normal Green functions, respectively.
With these definitions normalization condition G2 = 1
transforms to
g20 + g
2
3 + g
2
2 − f23 − f20 + f21 = 1, (4)
f1f3 + g2g0 = 0.
Equation (1) must be supplemented by boundary condi-
tions matching Green’s functions across the interfaces
γBGl
∂
∂x
Gl = ±[Gl, Gr], (5)
γGl
∂
∂x
Gl = Gr
∂
∂x
Gr. (6)
At y = ±(L+ ds/2)
Gl = 0, (7)
while electron energy distribution functions are equal to
their equilibrium values (3). Here the indices, l, and, r,
refer to the upper or lower layer with respect to the SF1
and F1F2 boundaries.
Transport properties of both F1F2 and F1S interfaces
are characterized by the interface parameters
γ =
ρSξS
ρF ξF
, γB =
RBFAB
ρF ξF
, γBS =
RBSAB
ρF ξF
. (8)
Here RBF , RBS and AB are the resistances and area
of the F1F2 and F1S interfaces, ξS,F = (DS,F /2piTC)
1/2
and, DS,F , are the decay lengths and diffusion coefficients
of S and F materials, while ρS and ρF are their resistiv-
ities.
To simplify the problem we assume below that nor-
mal state resistivities and coherence lengths of ferromag-
netic films are identical (γ = 1 at F1F2 interface), ferro-
magnetic films are thin. The second assumption allows
us to transfer solution of the problem (1)-(6) to a one-
dimensional one (see [22]-[24] for the details). We also
assume that suppression parameters at F1S interface sat-
isfy the condition γ ≪ ξF /(dFmax(1,
√
h1,2)) + γBS al-
lowing to ignore the suppression of superconductivity in
S electrode. We assume further, that the length, L, is
smaller compare to the characteristic lengths of inelastic
scattering inside the F1 layer.
Under the above assumptions it is possible to derive
from (1) the equation for electron energy distribution for
F1-SF1F2-F1 structure in the form of diffusion equation
∂
∂x
(M
∂
∂x
fT ) = 0,
M = [Reg0]
2+[Reg3]
2+[Reg2]
2+[Imf3]
2+[Imf0]
2+[Ref1]
2.
Integrating this equation with boundary conditions (7)
we get expression for distribution function fT and from
the general expression for current
I =
1
2R
ˆ
Trσ0τ3(G
R ∂
∂y
GK +GK
∂
∂y
GA)dε (9)
and (2) we arrive at
I =
d
R
∞ˆ
0
2fT´ d
−d
dy
M
dε, (10)
3where d = L+ ds/2.
In the limit of zero temperature from (10) for normal-
ized differential conductance σ(V ) = RdI/dV of long
ferromagnetic film in the direction along F1F2 interface
we have
σ =
2d´ d
−d
dy
[Reg0]2+[Reg3 ]2+[Reg2]2+[Imf3]2+[Imf0]2+[Ref1]2
.
(11)
Expression (11) can be simplified in the linearized case
when suppression parameter γBS is large enough. In this
limit superconductivity induced into F1 wire is small and
in the zero approximation g0 = 1, g3,2 = 0. Taking into
account normalization condition (4), we can express g0
through the other functions in the next approximation
and transforms expression (11) to:
σ =
2d´ d
−d
dy
1+[Ref3]2+[Ref0 ]2+[Imf1]2
. (12)
Note, that expression for differential conductance simi-
lar to Eq. (12) was obtained for SNN’ structure (Ref0 =
0, Imf1 = 0) in [61]. Conductance in superconducting
hybrids in a similar T-shaped geometry was further stud-
ied in [62, 63] (see review in [64]) and in [65]. However,
in the structures considered in [62–64] no ferromagnetic
layers were attached and therefore there were no odd su-
perconducting correlations. In the structure considered
in [65] there also were no ferromagnetic layers, but odd
triplet correlations were generated due to proximity effect
between a p-wave superconductor and a diffusive N-layer.
We start our analysis of processes in F1-SF1F2-F1
structure by considering the case of a transparent F1F2
interface (γB = 0.) This limiting case is simple. However,
it reveals the main effects without any distortion due to
the influence of the F1F2 interface. In the linearized case
analytical solutions of the problem ((1)-(7)) for conden-
sate functions f3, f0, f1 in free part of upper F film can
be easily derived:
f1 = Γ
h2 sin(α)
sinh(q(d−y))
sinh(q(d−dS/2))
h21 + h
2
2 + 2h1h2 cos(α) − 4ε2
, (13)
f0 = i
Γ
2
∑
j=1,2
[(−1)j+12ε+h1+h2 cos(α)] sinh(qj(d−y))
sinh(qj(d−dS/2))
h21 + h
2
2 + 2h1h2 cos(α)− 4ε2
,
(14)
f3 = i
Γ
2
∑
j=1,2
[2ε+(−1)j+1(h1+h2 cos(α))] sinh(qj(d−y))
sinh(qj(d−dS/2))
h21 + h
2
2 + 2h1h2 cos(α)− 4ε2
.
(15)
In these expressions q =
√−iε, q1,2 =
√−iε± ih1,2,
Γ = ∆/(γBMS
√
ε2 −∆2), ∆ is the modulus of the order
parameter of superconductor, γBMS = γBSdF /ξF . It is
necessary to note that to get (13)-(15) we also neglect
suppression of Green’s functions in the part of F1 film
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Figure 2: Correction to conductance, δσ, vs angle between
magnetization vectors, α, in the case of large value of param-
eter γBS for V = 0 and T = 0 at h1 = 2, h2 = 5, for L/ξF = 1
(solid line), L/ξF = 5 (dashed line), L/ξF = 30 (dotted line).
located under superconductor due to proximity effect and
use the rigid boundary conditions at x = ±ds/2.
Fig. 2 shows a dependence of correction to differen-
tial conductance (δσ = σ − 1) normalized to conduc-
tance in the normal state as a function of misorienta-
tion angle α calculated at zero voltage from (12)-(15)
for three different lengths of the long ferromagnetic film
(L/ξF = 1, L/ξF = 5, L/ξF = 30). Here we consider
that exchange energies of the two F films are different
(h1 = 2, h2 = 5). Note that at h1 = h2 the conditions of
the linear approximation are violated at zero voltage.
For short upper ferromagnetic film (L/ξF = 1) con-
ductance rises from α = 0 to α = pi monotonically since
all correlations are still present in the structure and mag-
netic configuration for α = pi corresponds to smaller av-
erage exchange energy in comparison with α = 0. It is
also seen from the figure that the shape of δσ depen-
dencies begins to change with increase of L. The rea-
son of this transformation is that singlet and short-range
triplet components begin to decrease very fast deep into
long parts of upper F film in comparison with long-range
triplet part that decreases slowly. For L/ξF = 30 (dot-
ted line in Fig. 2) as well as in a limit of long upper
ferromagnetic film, L≫ ξF , only these long-range triplet
correlations can be taken into account. Expressions (12)-
(14) give in this case
σ = 1 +
(
h2 sin(α)/γBS
h21 + h
2
2 + 2h1h2 cos(α)
)2
. (16)
It is seen that in a vicinity of the angles α = 0 and
α = pi correction to the conductivity is negligible. This
is a consequence of the fact that at these angles there are
no long-range triplet correlations in the structure.
The dependence of differential conductance has a max-
imum at some intermediate angle
αm = arccos(
−2h1h2
h21 + h
2
2
).
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Figure 3: Correction to conductance, δσ, vs applied voltage
eV/∆ at h1 = 2, h2 = 5, L/ξF = 30 and T = 0 for α = 0.5
(dashed line), α = 2.4 (solid line) and α = pi (dotted line).
It is seen that the position of the maximum is the function
of exchange energies only and it is always located at α >
pi/2 since exchange energies are different in this case. In
the area near αm long-range triplet correlations declare
themselves very strongly.
This can also be seen from Fig.3. It shows dependen-
cies of correction to differential conductance on applied
voltage for long upper ferromagnetic film L/ξF = 30 for
three different misorientation angles α = 0.5, α = 2.4
and α = pi. At zero voltage there is a strong peak in
differential conductance at α = 2.4. It is exactly the an-
gle at which there is the maximum in δσ(α) dependence
calculated for V = 0 (see dotted line in Fig. 2). With
inclination of angle α from αm the height of the peak
decreases since influence of long-range triplet component
decreases.
Let us discuss behavior of differential conductance be-
yond the linearized case for arbitrary value of parameter
γBS . To calculate it, the nonlinear equations (1)-(6) were
solved numerically using shooting method.
Fig. 4 shows dependence of conductance of a long up-
per ferromagnetic film on angle α at zero voltage. This
conductance is caused by long-range triplet correlations
since for long ferromagnetic film L/ξF = 30 only these
correlations are strong enough. At γBMS = 0.4 behav-
ior of conductance is still similar to the one seen from
Fig.2. As SF interface becomes more transparent (sup-
pression parameter γBMS decreases) peaks on the graph
get higher. Further reduction of the suppression param-
eter results in appearance of an angle interval in which
correction to differential conductance is zero, peaks on
the boarders of the interval increase sharply(see dashed
line Fig. 4).
Appearance of strong peaks can be understood from
Fig. 5. It shows dependence of DoS, ν = Re(g0), on
energy, ε, calculated numerically for h1 = 2, h2 = 5,
L/ξF = 30, γBMS = 0.2 and two values of misorientation
angle between magnetization vectors α = pi (solid line)
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Figure 4: Conductance, σ, vs angle between magnetization
vectors, α, at zero voltage, h1 = 2, h2 = 5, L/ξF = 30 for
two different values of parameter γBMS : γBMS = 0.2 (dashed
line), γBMS = 0.4 (solid line).
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Figure 5: Density of states, ν, vs energy at zero voltage,
h1 = 2, h2 = 5, L/ξF = 30, γBMS = 0.2 for two values
of misorientation angle between magnetization vectors α = pi
(solid line) and α = 1.9 (dashed line).
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Figure 6: Imaginary part of equal spin triplet condensate
function, f1, vs angle between magnetization vectors, α, for
zero voltage at h1 = 2, h2 = 5, y = 0, γBMS = 0.4 for two
different suppression parameters γBM = 0 (solid line) and
γBM = 0.2 (dashed line).
5and α = 1.9 (dashed line). At α = pi there are two peaks
in density of states located at ε = ∆ and at the position
of minigap. Deviation of the angle α from α = pi leads to
increase of effective exchange energy. As the result, the
position of minigap shifts to smaller energy and there
exists an angle α at which the minigap becomes zero and
position of the peak in the density of states is localized
at zero energy. It occurs at α = 1.8 that is exactly at
the angle α, at which there are peaks in dependence σ(α)
presented in Fig. 4.
As it was discussed earlier in [24] for SF1F2 structure,
suppression parameter at F1F2 interface can strongly
influence on behavior of long-range triplet correlations
leading to additional phase-slip at F1F2 interface. In-
deed, taking into account nonzero value of parameter
γBM at F1F2 interface we obtain that behavior of com-
ponent f1 in F1-SF1F2-F1 structure changes significantly
(Fig. 6). Dashed line (γBM = 0.2) shows that triplet
component changes it’s sign at some intermediate angle,
which is not equal to 0 or pi. The magnitude of this
angle depends on difference between h1 and h2, and on
suppression parameters γBS and γBM . With increase of
suppression parameters and decrease of | h1 − h2 | it
moves towards α = pi/2.
Long-range triplet correlations prevail in the long F1
film of F1-SF1F2-F1 structure, so the features that are
seen on Fig. 6 will remain in conductance. Fig. 7 shows
dependence of differential conductance of upper F1 film
on angle α at zero voltage for several values of suppres-
sion parameter γBM = 0, 0.01, 0.2. With increase of γBM
the shape of conductance changes due to changing of
the long-range triplet component (dashed line and dotted
lines). In the case of finite transparency of F1F2 inter-
face one maximum in differential conductance transforms
into two maximums. Also at γBM = 0.01maximum value
of conductance (dashed line) can be even larger than for
structure with ideal transparency of F1F2 interface (solid
line). This fact is in good agreement with the discussion
performed in [24].
In conclusion, we have investigated conductance of a
long ferromagnetic film in F1-SF1F2-F1 structure. In the
collinear magnetization case, the conductance rapidly de-
creases with increase of length of the F1 film. However,
in the configuration with noncollinear magnetizations the
conductance decrease slowly due to the generation of
long-range triplet superconducting correlations. Strong
dependence of the differential conductance on misorien-
tation angle allows to control the conductance by chang-
ing directions of magnetization of one ferromagnetic film.
Further, we demonstrate that long-range triplet corre-
lations manifest themselves as a zero-bias peak in the
case of perfect transparency of F1F2 interface, while a
two-peak structure is realized in the case of finite trans-
parency. These features may serve as a diagnostic tool for
characterization of interfaces in superconducting hybrid
structures.
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Figure 7: Conductance, σ, vs angle between magnetization
vectors, α, for zero voltage at h1 = 2, h2 = 5, L/ξF = 30,
γBS = 0.4 for two different suppression parameters γBM = 0
(solid line), γBM = 0.01 (dashed line) and γBM = 0.2 (dotted
line).
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